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We numerically study the nonlocal gap solitons in parity-time (PT) symmetric optical lattices built into a
nonlocal self-focusing medium. We state the existence, stability, and propagation dynamics of such PT gap
solitons in detail. Simulated results show that there exist stable gap soltions. The influences of the degree of
nonlocality on the soliton power, the energy flow density and the stable region of the PT gap solitons are also
examined. c© 2011 Optical Society of America
OCIS codes: 190.3270, 190.6135.
Self-action of light in periodic photonic crystals with pe-
riodic modulation of the refractive index generates rich
optical phenomena [1]. The photonic crystals can pro-
vide efficient control of the transmission and localization
of light, and they open the ways to tailor the diffraction
and the route of the electromagnetic waves [2]. Quite a
lot of nonlinear optical phenomena in nonlinear photonic
crystals have been reported, including the self-trapping
of localized modes in the form of gap solitons [3] which
was also studied in other materials, layered microstruc-
tures, fiber Bragg gratings, Bose-Einstein condenstates,
waveguide arrays, and optically induced lattices. Nonlo-
cal effects come to play an important role as the charac-
teristic correlation radius of the medium’s response func-
tion becomes comparable to the transverse width of the
wave packet [4]. Nonlocality of nonlinear response may
drastically modify the conditions necessary for gap soli-
ton existence [1].
Recently, the solitons in synthetic optical media with
parity-time (PT) symmetries have caught much atten-
tion [5–14,17–23]. Musslimani and the cooperator firstly
discovered that a novel class of nonlinear self-trapped
modes exist in optical PT synthetic lattices [5] and
PT periodic structures exhibit unique characteristics
stemming from the nonorthogonality of the associated
Floquet-Bloch modes [6]. The behavior of a PT optical
coupled system judiciously involving a complex index po-
tential was observed in the experiment in 2010 [7, 8]. It
was also stated the analytical solutions to a class of non-
linear Schro¨dinger equations with PT-like potentials [9],
the stable dissipative defect modes in both focusing and
defocusing media where periodic optical lattices were im-
printed in the cubic nonlinear media with strong two-
photon absorption [10], and the defect solitons in parity-
time periodic potentials [11] . We also reported the gray
solitons in PT symmetric potentials [12] and the gap soli-
tons in PT complex periodic optical lattices with the real
part of superlattices [13]. However, thus far all studies fo-
cus on the local nonlinear media with the PT symmetry
potentials, and the solitons supported by the nonlocal
nonlinear media with the PT symmetry optical lattices
are never reported.
In this paper, the gap solitons in the PT symmetric
optical lattices built into a nonlocal self-focusing medium
are studied. We state the existence, stability, and propa-
gation dynamics of such PT gap solitons in detail. Sim-
ulated results show that there exist stable gap solitons.
In addition, we find that the degree of nonlocality can
influence the soliton power, the energy flow density, and
the region where the stable PT gap solitons can exist.
In a nonlocal self-focusing medium with PT symmetric
optical lattice, the one-dimensional optical wave prop-
agation can be described by the normalized nonlinear
Schro¨dinger (NLS)-like equation
i
∂q
∂z
+
∂2q
∂x2
+Rq + q
∫ +∞
−∞
g(x− λ)|q(λ)|2dλ = 0, (1)
where q is the complex dimensionless light field ampli-
tude, z is the normalized longitudinal coordinate, and g
is the nonlocal response function. R = V (x) + iW (x) is
the PT symmetric optical lattice, and V (x) and W (x)
are its real and imaginary components, respectively. We
are going to search for a stationary soliton solution of
Eq. (1) in the form of q(x, z) = u(x)eibz, where u is a
complex function and b is the propagation constant of
spatial solitons [15]. Thus, Eq. (1) can be changed into
∂2u
∂x2
+Ru− bu+ u
∫ +∞
−∞
g(x− λ)|u(λ)|2dλ = 0. (2)
Here, the nonlocality of the materials is supposed
to be ruled with an exponential response function
g(x) = 1/(2d1/2) exp(−|x|/d1/2) (as in liquid crys-
tals), where d is the degree of the nonlocality. We as-
sume a PT symmetric optical lattices in which V (x) =
V0{cos[2π sin(x)] + 1}/2 and W (x) = W0 sin(x), and V0
and W0 are the amplitudes of the real and imaginary
parts. Although the PT symmetric optical lattice has
1
crossed the phase transition point, the solitons still ex-
ist because the amplitude of the refractive index dis-
tribution can be altered by the beam itself through the
optical nonlocal nonlinearity. The parity-time symmetry
will remain broken if it cannot be nonlocal nonlinearly
restored [5].
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Fig. 1. (Color online) (a) PT complex periodic optical
lattices when V0 = 1, W0 = 0.4. (b) PT complex peri-
odic optical lattices when V0 = 1, W0 = 0.3. The solid
blue and dash green curves represent the real part and
the imaginary part of the optical lattices, respectively.
(c) The band structures corresponding to (a) (the black
curve) and (b) (the red curve).
The linear version of Eq.(2) is
∂2u
∂x2
+Ru− bu = 0, (3)
where b now represents the propagation constant in the
PT symmetric optical lattices. The Bloch theorem tells
us that the eigenfunctions of Eq.(3) are in the form of
u = Fkexp(ikx), where k is the Bloch wave number, and
Fk is a periodic function of x with the same period as the
lattices R. Substituting the Bloch solution into Eq.(3),
we can get the eigenvalue equation and then obtain the
band structure using the plane wave expansion method
numerically [5, 12]. The PT symmetric optical lattices
are shown in Fig. 1 (a) (V0 = 1,W0 = 0.4) and (b)
(V0 = 1,W0 = 0.3). We numerically find that the purely
real bands are possible in the range 0 ≤ W0 ≤ 0.35,
and the region of the semi-infinite gap is b ≥ 0.62 when
W0 = 0.3 [5]. In Fig. 1(c) we depict the associated band
structures for various values of the potential parameter
W0 (below and above the phase transition point W0 =
0.35). It is noticed that the band gap becomes narrower
as W0 increases, and the gap closes completely when
crossing the critical transition value W0 = 0.35 [5].
Based on the band-gap structure, we get the soliton so-
lutions by solving Eq.(2) numerically using the modified
squared-operator method [16]. We find a family of local-
ized solutions with real eigenvalues located within the
semi-infinite gap (b ≥ 0.62). The typical cases of these
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Fig. 2. (Color online) (a) and (b) Soliton profiles with
b = 7.48, 7.70 at d = 0.5. (c) and (d) Soliton profiles with
b = 9.73, 9.98 at d = 2. The solid red curves and the dash
black curves represent the real part and the imaginary
part, respectively. (e) and (f) Transverse power flow of
the solitons shown in (b) and (d), respectively. The green
regions represent the gain domains, and the white regions
represent the loss domains. The potential parameters are
V0 = 1 and W0 = 0.3.
gap solitons are shown in Fig. 2, where it is depicted in
(a)-(d) the fields of the unstable and stable gap soliton
at d = 0.5 and d = 2, respectively. To shed more light
on the properties of the stable solitons, we study the
parameter S = (i/2)(uu∗x − u∗ux) associated with the
transverse power flow density or Poynting vector across
the beam [5]. The transverse power flow density S is
shown in Fig. 2(e) and (f), where one can find that S
is positive everywhere, which implies that the energy al-
ways flows in one direction, i.e., from the gain region
toward the loss region [5].
To check the stability of the solitons with the
method of linear stability analysis, we assume q(x, z) =
u(x)eibz + [F (x)eiδz + G∗(x)e−iδ
∗z]eibz, where   1,
F and G are the perturbation eigenfunctions, and δ is
the growth rate of the perturbation [5]. By linearizing
Eq.(1), we gain
δF =
∂2F
∂x2
+ (V + iW )F + nF − bF + uΔn, (4)
δG = −∂
2G
∂x2
+ (−V + iW )G− nG+ bG− u∗Δn, (5)
where n =
∫ +∞
−∞ g(x−λ)|u(λ)|2dλ, and Δn =
∫ +∞
−∞ g(x−
λ)[G(λ)u(λ) + F (λ)u∗(λ)]dλ. The gap soltions are lin-
early unstable when δ has an imaginary component, on
the contrary, they are stable when δ is real. In Fig. 3
(a), Im(δ), the imaginary component of δ, is not always
zero, so there are several stable regions for the gap soli-
tons. Evidently, the degree of nonlocality can influence
the stable region. The power of solitons is defined as
P =
∫ +∞
−∞ |u|2dx, and P is a monotonically-increasing
function of the propagation constant b, as is shown in
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Fig. 3. (Color online) (a) Im(δ) versus b, the blue curve
is for d = 0.5 and the red curve is for d = 2. (b) P versus
b, the dash-dotted green curve is for d = 0.5 and the
dash black curve is for d = 2. The other parameters are
V0 = 1, W0 = 0.3. Points marked with circle correspond
to the cases shown in Fig. 4(a)-(l).
Fig. 3(b). To examine further the robustness of these PT
lattice self-strapped modes, we also simulate the propa-
gation of beams under different conditions, as presented
in Fig. 4(a)-(f)for d = 0.5 and Fig. 4 (g)-(l) for d = 2,
which support the above conclusion about the stability
of nonlocal gap soltions as well.
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Fig. 4. (Color online) Simulated propagation of
the solitons with 1% random noise. (a)-(f) b =
7.48, 7.70, 13.48, 26.98, 34.48, 37.23 at d = 0.5, respec-
tively. (g)-(l) b = 9.73, 9.98, 11.23, 19.60, 19.90, 30.48 at
d = 2, respectively. The other parameters are V0 = 1,
W0 = 0.3.
In conclusion, we investigate the gap solitons in the
PT symmetric optical lattices built into a nonlocal self-
focusing medium. The existence, stability, and propaga-
tion dynamics of such PT gap solitons are stated in de-
tail. Simulated results show that there exist stable gap
soltions, and the degree of nonlocality can influence the
soliton power, the energy flow density, and the region
where stable PT gap solitons can exist.
This research is supported by the Natural Science
Foundation of Guangdong Province, China (Grant No.
10151063101000017 ), the Open Fund of Key Laboratory
for High Power Laser Physics of Chinese Academy of Sci-
ence (Grant No. SG-001103), and the National Natural
Science Foundation of China (Grant No. 10904041 and
10974061).
References
1. Z. Y. Xu, Y. V. Kartashov, and L. Torner, Opt. Lett.
31, 2027 (2006).
2. J. D. Joannopoulos, R. D. Meade, and J. N. Winn, Pho-
tonic Crystals: Molding the Flow of Light, (Princeton
University Press, Princeton, 1995).
3. S. F. Mingaleev and Yu. S. Kivshar, Phys. Rev. Lett.
86, 5474 (2001).
4. N.K. Efremidis, S. Sears, D.N. Christodoulides, J.W.
Fleischer, M. Segev, Phys. Rev. E 66, 046602 (2002).
5. Z. H. Musslimani, K. G. Makris, R. El-Ganainy, and D.
N. Christodoulides, Phys. Rev. Lett. 100, 030402 (2008).
6. K. G. Makris, R. El-Ganainy, D. N. Christodoulides, and
Z. H. Musslimani, Phys. Rev. Lett. 100, 103904 (2008).
7. C. E. Ruter, K. G. Makris, R. El-Ganainy, D. N.
Christodoulides, M. Segev and D. Kip, Nature Physics,
6, 192 (2010).
8. A. Guo, G. J. Salamo, D. Duchesne, R.Morandotti, M.
Volatier-Ravat, V. Aimez, G. A. Siviloglou, and D. N.
Christodoulides, Phys. Rev. Lett. 103, 093902 (2009).
9. Z. H. Musslimani, K. G. Makris, R. El-Ganainy and D.
N Christodoulides, J. Phys. A: Math. Theor. 41, 244019
(2008).
10. Y. V. Kartashov, V. V. Konotop, V. A. Vysloukh, and
L. Torner, Opt. Lett. 35, 1638 (2010).
11. H. Wang and J. d. Wang, Opt. Express 19, 4030 (2011).
12. Huagang Li, Zhiwei Shi, Xiujuan Jiang, and Xing Zhu,
Opt. Lett. 36, 3290 (2011)
13. Xing Zhu, Hong Wang, Li-Xian Zheng, Huagang Li, and
Ying-Ji He, Opt. Lett. 36, 2680(2011)
14. K. G. Makris, R. El-Ganainy, D. N. Christodoulides, and
Z. H. Musslimani, Phys. Rev. A 81, 063807 (2010).
15. Z. Xu, Y. V. Kartashov, and L. Torner, Opt. Lett. 30,
3171 (2005).
16. M. J. Ablowitz, Z. H. Musslimani, Opt. Lett. 30, 2140
(2005).
17. S. Longhi, Phys. Rev. Lett. 103, 123601 (2009).
18. R. El-Ganainy, K. G. Makris, D. N. Christodoulides, and
Z. H. Musslimani, Opt. Lett. 32, 2632 (2007).
19. M V Berry, J. Phys. A: Math. Theor. 41, 244007 (2008).
20. C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80,
5243 (1998).
21. C. M. Bender, D.C. Brody, and H. F. Jones, Phys. Rev.
Lett. 89, 270401 (2002).
22. C. M. Bender, D. C. Brody, and H. F. Jones, Am. J.
Phys. 71, 1095 (2003).
23. Z. Ahmed, Phys. Lett. A 282, 343 (2001).
3
Informational Fourth Page
In this section, please provide full versions of citations to
assist reviewers and editors (OL publishes a short form
of citations) or any other information that would aid the
peer-review process.
References
1. Z. Y. Xu, Y. V. Kartashov, and L. Torner,“Gap solitons
supported by optical lattices in photorefractive crys-
tals with asymmetric nonlocality,” Opt. Lett. 31, 2027
(2006).
2. J. D. Joannopoulos, R. D. Meade, and J. N. Winn, Pho-
tonic Crystals: Molding the Flow of Light, (Princeton
University Press, Princeton, 1995).
3. S. F. Mingaleev and Yu. S. Kivshar,“Self-Trapping and
Stable Localized Modes in Nonlinear Photonic Crys-
tals,” Phys. Rev. Lett. 86, 5474 (2001).
4. N.K. Efremidis, S. Sears, D.N. Christodoulides, J.W.
Fleischer, M. Segev,“Discrete solitons in photorefractive
optically induced photonic lattices,” Phys. Rev. E 66,
046602 (2002).
5. Z. H. Musslimani, K. G. Makris, R. El-Ganainy, and
D. N. Christodoulides,“Optical solitons in PT periodic
potentials,” Phys. Rev. Lett. 100, 030402 (2008).
6. K. G. Makris, R. El-Ganainy, D. N. Christodoulides, and
Z. H. Musslimani,“Beam dynamics in PT symmetric op-
tical lattices,” Phys. Rev. Lett. 100, 103904 (2008).
7. C. E. Ruter, K. G. Makris, R. El-Ganainy, D. N.
Christodoulides, M. Segev and D. Kip,“Observation of
parityCtime symmetry in optics,” Nature Physics, 6, 192
(2010).
8. A. Guo, G. J. Salamo, D. Duchesne, R.Morandotti, M.
Volatier-Ravat, V. Aimez, G. A. Siviloglou, and D. N.
Christodoulides,“Observation of PT-Symmetry Break-
ing in Complex Optical Potentials ,” Phys. Rev. Lett.
103, 093902 (2009).
9. Z. H. Musslimani, K. G. Makris, R. El-Ganainy and D. N
Christodoulides,“Analytical solutions to a class of non-
linear Schro¨dinger equations with PT-like potentials,” J.
Phys. A: Math. Theor. 41, 244019 (2008).
10. Y. V. Kartashov, V. V. Konotop, V. A. Vysloukh, and
L. Torner,“Dissipative defect modes in periodic struc-
tures,” Opt. Lett. 35, 1638 (2010).
11. H. Wang and J. d. Wang,“Defect solitons in parity-time
periodic potentials ,” Opt. Express 19, 4030 (2011).
12. Huagang Li, Zhiwei Shi, Xiujuan Jiang, and Xing
Zhu,“Gray solitons in parity-time symmetric poten-
tials,” Opt. Lett. 36, 3290 (2011)
13. Xing Zhu, Hong Wang, Li-Xian Zheng, Huagang Li, and
Ying-Ji He,“Gap solitons in parity-time complex peri-
odic optical lattices with the real part of superlattices,”
Opt. Lett. 36, 2680(2011)
14. K. G. Makris, R. El-Ganainy, D. N. Christodoulides,
and Z. H. Musslimani,“PT-symmetric optical lattices ,”
Phys. Rev. A 81, 063807 (2010).
15. Z. Xu, Y. V. Kartashov, and L. Torner,“Upper thresh-
old for stability of multipole-mode solitons in nonlocal
nonlinear media,” Opt. Lett. 30, 3171 (2005).
16. M. J. Ablowitz, Z. H. Musslimani,“Spectral renormal-
ization method for computing self-localized solutions to
nonlinear systems,” Opt. Lett. 30, 2140 (2005).
17. S. Longhi,“Bloch Oscillations in Complex Crystals with
PT Symmetry,” Phys. Rev. Lett. 103, 123601 (2009).
18. R. El-Ganainy, K. G. Makris, D. N. Christodoulides,
and Z. H. Musslimani,“Theory of coupled optical PT-
symmetric structures,” Opt. Lett. 32, 2632 (2007).
19. M V Berry,“Optical lattices with PT symmetry are
not transparent,” J. Phys. A: Math. Theor. 41, 244007
(2008).
20. C. M. Bender and S. Boettcher,“Real spectra in nonHer-
mitian Hamiltonians having PT symmetry,” Phys. Rev.
Lett. 80, 5243 (1998).
21. C. M. Bender, D.C. Brody, and H. F. Jones,“Erratum:
Complex Extension of Quantum Mechanics,” Phys. Rev.
Lett. 89, 270401 (2002).
22. C. M. Bender, D. C. Brody, and H. F. Jones,“Must a
Hamiltonian be Hermitian?,” Am. J. Phys. 71, 1095
(2003).
23. Z. Ahmed,“Real and complex discrete eigenvalues in an
exactly solvable one-dimensional complex -invariant po-
tential,” Phys. Lett. A 282, 343 (2001).
4
